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Hybrid Cartesian and Orbit Element Feedback Law
for Formation Flying Spacecraft

Hanspeter Schaub*
ORION International Technologies, Albuquerque, New Mexico 87106

and

Kyle T. Alfriend’
Texas A&M University, College Station, Texas 77843

A spacecraft formation flying control strategy is discussed where the desired orbit is prescribed in terms of
specific orbit element differences and the relative orbit is measured in terms of Cartesian coordinates of the
rotating reference frame centered on the chief satellite. A direct method to map orbit element differences to their
corresponding local Cartesian coordinates is presented. A numerical study illustrates the accuracy with which this
linearized transformation performs this coordinate transformation. A hybrid continuous feedback control law is
then developed that has the desired relative orbit geometry explicitly given in terms of orbit element differences and
the actual orbit given in terms of local Cartesian coordinates. A numerical simulation illustrates the performance
and limitations of such feedback control laws. Using the linearized mapping between the relative orbit coordinates
causes only a small performance penalty. However, it is advantageous to work in mean element space when

determining the relative orbit tracking error.

Introduction

OR formations of geometrically identical spacecraft, the
dominant perturbing factor in low Earth orbitis the J, gravita-
tional perturbation. For nonidentical spacecraft, the dominant per-
turbation could be the differential aerodynamic or differential solar
radiationforce. When describing and controlling formations of geo-
metricallyidenticalspacecraft,itis convenientto do so by describing
the periodicrelative orbit geometry in terms of relative orbitelement
differences, rather than using the Cartesian coordinates of the rotat-
ing local-vertical-local-horizontal(LVLH) coordinateframe. When
the discussion is restricted to a spherical Earth relative motion, all
of the orbital element differences are constant except for the true
anomaly. The relative motion will be periodic if the semimajor axis
differenceis zero, otherwise there will be a difference in orbital pe-
riod, and secular growth will occur. Out-of-plane motion is a result
of the differencein right ascension and inclination. The eccentricity
difference determines the size of the in-plane 2-1 relative motion.
The displacement of the center of this 2-1 ellipse and the phasing
of the satellite in the ellipse result from the initial true anomaly and
argument of perigee differences. Thus, it is natural to describe the
relative motion in terms of orbital element differences. The actual
orbit element difference between deputy and chief satellites can be
compared at any point of time to their desired values. This greatly
facilitates the task of determining any relative orbit errors and cor-
recting them. Note that the naming convention has been assumed
here where deputy satellites are flying about a common chief refer-
ence point. The chief reference point does not have to be a satellite,
it just describes the desired reference orbit of the formation.
Establishing relative orbits using mean orbit element differences
has been discussed in Refs. 1-4. As a comparison, if a general
periodic relative orbit is described through some Cartesian initial
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conditions, then the corresponding differential equations must be
integrated to obtain the desired Cartesian coordinates of both the
deputy and chief spacecraft. For some special cases it is possible
to find closed-form solutions to these relative orbits, such as is the
case with the elliptic relative orbits obtained using the Clohessy-
Wiltshire equations (see Ref. 5) (sometimes also referred to as Hill’s
equations). However, these special solutions typically require the
chief orbit to be circular and the Earth to be perfectly spherical.
Using orbit element differences to describe the relative orbit does
not suffer from these constraintsand is, thus, more easily applied to
the general formation flying problem.

However, a relative orbit is typically sensed or measured in
terms of LVLH local coordinates or inertial Cartesian coordinates
differences and, typically, not directly in terms of orbit element
differences. One method to map these local position and velocity
measurements into correspondingorbitelementdifferencesis to use
these local coordinates, along with the inertial position and veloc-
ity vectors of the chief, to reconstruct the deputy inertial position
and velocity coordinates. These inertial quantities are then mapped
uniquely into corresponding orbit elements, which then lead to the
desired orbit element differences.

This paper outlines an alternate, more direct approach. By the use
of various celestial mechanics properties, a direct mapping between
the local Cartesian position and velocity coordinates and the oscu-
lating orbit element differences is developed. This transformation
is a first-order approximation to the true nonlinear transformation,
where it is assumed that the relative orbit dimensions are very small
compared to the inertial orbits. As is shown in Ref. 6, the error in
the relative motion resulting from linearization is minimized if we
use orbital elements. The good accuracy of this direct mapping be-
tween orbit element differences and local Cartesian coordinates is
illustrated through a numerical simulation. In both Refs. 7 and 8,
the developmentof a similar linear mapping between orbit element
differences and small differences in relative position and velocity
coordinates is described. The mapping presented in this paper is in
terms of orbit elements that lead to nonsingular equations for the
circular orbit case. Whereas the previous mappings expressed the
relative coordinate rates relative to the true latitude angle, we pro-
vide direct expressions for the time rate of change of the relative
position vector.

Furthermore, a hybrid continuous feedback control law in terms
of both the local Cartesian relative orbit coordinates and the de-
sired orbit element differences is presented. The linear mapping
between local Cartesian coordinates and orbit element differences
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will provide a direct method to determine the relative orbit errors
at any instant without having to integrate differential equations us-
ing the desired relative orbit initial conditions. The accuracy and
limitations of such a feedback control law are compared to a sim-
ilar feedback control law, where the full nonlinear transformation
between Cartesian local coordinates and their corresponding orbit
elements is utilized. The effect of adding the J, gravitational per-
turbation on the tracking accuracy is also discussed.

Linear Coordinate Mapping

Because the actual relative orbit of a deputy satellite relative to
a chief satellite is typically measured or sensed in terms of LVLH
Cartesiancoordinates,it would be convenientto be able to map these
coordinates directly into corresponding orbit element differences.
This would greatly facilitate the process of determining relative
orbit errors when the desired relative orbit is provided as fixed orbit
element differences.

LVLH Position Coordinates

The rotating LVLH coordinate frame has its x axis aligned with
the chief’s radial position vector and the z axis aligned with the
chiefs angular momentum vector. Let the LVLH deputy state vector
X be given as

X=(x,92%y9" D

Let a be the semimajor axis, 6 be the true latitude angle (sum of
argumentof perigee and true anomaly), e be the eccentricity, i be the
inclination angle, Q2 be the ascending node, and w be the argument
of perigee. The orbit element vector e is given through

e=(a,0,i,q1,9, %) 2)

with g, and ¢, being defined through
g, = ecosw 3)
q, = esinw “)

All coordinates are assumed to be osculating quantities, with the J,
perturbationnot considered at this stage. Because the differencesin
orbits are small, the deputy orbit element vector is written as

e; =e.+ Se S)

A subscript d denotes deputy spacecraft quantities and a subscript
¢ indicates chief spacecraft quantities. Let us define the following
three coordinates systems. Let C and D be the LVLH coordinate
frames of the chief and deputy satellites, respectively, and let N/
be the inertial frame. Then 7N = TN(Q., i., 6.) is the direction
cosine matrix mapping vector components in the inertial frame to
components in the chief LVLH frame. To relate the orbit element
difference vector de to the corresponding LVLH Cartesian coordi-
nate vector X, we write the deputy spacecraftinertial position vector
r, in chief and deputy LVLH frame components as

‘ra =R+ x,y,2)" ©6)
Pry ="(Ry,0,0)" 7

where R is the inertial orbit radius. The deputy position vector ry
is now mapped from the deputy LVLH frame vector componentsto
the chief LVLH frame vector components using

Crd — TCN'T/\/D Drd (8)

To simplify the notation from here on, the subscript ¢ is dropped,
and any parameter without a subscriptis implied to be a chief orbit
parameter. Taking the first variation of 7"” and R, about the chief
satellite motion leads to the first-order approximations

T/\/D ~ T/\/C + STNC 9)

R, ~ R+ 4R (10)

Equation (8) is then expanded to yield
R +6R
Crq = (I o5 + TNSTAC) 0 (11)
0

Dropping second-order terms, the deputy position vector is written
as

R+6R 8T
g = 0 | +RT|sT)\® (12)
0 8T3/}/C
with the matrix components § TIJIVC given by
STHC = TACs0 — T)\CsQ + T\ sin i (13)
STNC = TNCs0 + T\°5Q — T cos Qi (14)
8TNC = TC860 + sin6 cosi i (15)

When Eqgs. (13-15) are substitutedinto Eq. (12), the deputy position
vectoris written in terms of orbit element differences as

R+ SR 0
Cpry = 0 +R 860 4+ 8Q cosi (16)
0 —cos0 sinid 2 + sinHdi

To be able to write Eq. (16) in terms of the desired orbit elements
and their differences, the orbit radius R must be expressedin terms
of the elements given in Eq. (2),

a(l—q} —q})

- 1+ g, cosf + g, sin6 (7
Thus, the variation of R is expressed as
SR = (R/a)éa + (V,/V,)R860 — (R/p)(2aq, + R cosB)dq,
— (R/p)(2aq; + Rsin0)3q, (18)

where the chief radial and transverse velocity components V, and
V, are defined as

V, =R = (h/p)(q: sinf — q; cos6) (19)
V, = RO = (h/p)(1 + q; cos 6 + g, sind) (20)

with i being the chief orbit momentum magnitude and p being
the semilatus rectum. When the chief LVLH frame components
of the deputy position vector descriptions in Egs. (6) and (16) are
compared, the local Cartesian LVLH frame coordinates x, y, and z
are expressed in terms of the orbit element differences as

x =8R 2n
y = R(80 + cosisQ) (22)
z = R(sin6 8i — cosO sinis Q) (23)

LVLH Velocity Coordinates

At this point, half of the desired mappings between orbit element
differencesand the correspondingLVLH Cartesiancoordinateshave
been developed. To derive the linear relationship between the orbit
element differences and the Cartesian coordinate rates, a similar
approachto thatused to derive Egs. (21-23) could be used. In Ref. 9,
the deputy velocity vector is expressed in both the chief and deputy
frame. The desired Cartesian coordinaterates are then extracted by
comparing the two algebraic expressions.

However, itis also possibleto obtain the Cartesian coordinaterate
expressionsin terms of orbit element differences by differentiating
Eqgs. (21-23) directly with respect to time. The only time-varying
quantities in these three expressions are the chief true latitude 0
and the difference between deputy and chief latitude §6. Only the
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latter quantity needs special consideration. Using the conservation
of angular momentum &, we express the true latitude rate 6 as

6 =h/R (24)
The variation of Eq. (24) yields
86 = 8h/R> —2(h/R*)SR (25)

Using the angular momentum expression & = /(up), the 84 varia-
tion is expressed as

sh = (h/2p)sp (26)
where p is given by
ép = (p/a)da —2a(q:8q1 + 42842) 27
Thus, the desired variation in the true latitude rate is expressed as
86 = (h/R*)[8p/2p — 2(8R/R)] (28)

After differentiatingEqs. (21-23) and making use of Eq. (28), the
Cartesian coordinate rates are expressed in terms of orbit element
differences as

x =—(V,/2a)da+ (1/R — 1/p)hs§6 + (V,aq, + hsin0)
x (8q1/p) + (V,aq, — hcos6)(3q/p) (29)
y =—-@V,/2a)sa — V,80 + (3V,aq, +2h cos0)(8q,/p)
+ (3Viaq, +2hsin0)(8q,/p) + V, cosidQ (30)
7 =(V,cos0 + V,sin0)8i + (V,sinf — V, cos0) sinidQ (31)
Nondimensional Cartesian Coordinates
Even though the feedback control law discussed in this paper re-
quires the dimensionalrelative Cartesian coordinatesand associated
time rates, in some applications it is more convenientto work with

nondimensional quantities.”® To simplify the following notation,
we introduce the nondimensional parameters

o =a/R (32)
v=V,/V, (33)
p=R/p (34)

Let (u, v, w) be the nondimensionalrelative Cartesian coordinates.
WhenEgs. (21-23) are divided by the orbitradius R, they are defined
as

u=x/R=38a/a+vé0 — (2uq, + cosf)pdq,

— (ags + sinB) pdq, (35)
v=y/R =80+cosisQ (36)
w =2z/R =sin68i —cosOsinisQ (37)

Instead of differentiating (#, v, w) with respect to time, we choose
to use the true latitude angle 6 as the time-dependentvariable. Let a
prime symbolindicate a derivative with respectto 6. To differentiate
the expressions in Egs. (35-37), only the §6 terms must be given
special consideration. Note that
8(80) do . .
0D DL _ 506 = 56 (38)
90 dt
When Eq. (28) is used, the partial derivative of §6 with respect to
the true latitude is given by

80" =68p/2p —2u (39)

Taking the partial derivative of Eqs. (35-37) while making use of
Eq. (39) yields the following nondimensional rate with respect to
true latitude:

w' = —3v(aja)+[p(qi cosb + g2 sind) — v?]60

+ (Bvag; + sinf + vcosh)pdq,

+ (Bvag, + cosh — vsinB)pdq, (40)
v = —2(8a/a) — 2086 + (2cos6 + 3aq;)pdyq

+ (2sin6 + 3aq2)p8q, (41)

w' = cos@8i + sinf sinidQ (42)

Note that these nondimensionalrate expressionsare not simpler that
their dimensional counterparts. To map these rates with respect to
true latitudeinto the correspondingdimensional (x, y, z) time rates,
the following equations are used:

x=Vu' +Vu (43)
y=Vv +Vu (44)
i=Vouw' +Vw (45)

Linear Mapping Accuracy

Combined, Egs. (21-23) and (29-31) provide a direct first-order
mapping of orbit element differences into corresponding LVLH
Cartesian coordinates. These six equations are written in matrix
form as

X = A(e)de (46)

where the 6 X 6 matrix A(e) is the linear mapping between the
two coordinate sets. To obtain the inverse transformation, the six
equations can be solved for de in terms of the X components to
yield

Se=A(e)'X 47)

The inverse mapping was developed in Ref. 10 and may be found
in the Appendix for completeness.

The following numerical study illustrates what level of errors
are introduced to the LVLH Cartesian coordinates when the linear
mapping in Eq. (46) is used. Given the chief orbit elements shown
in Table 1, specific sets of orbit element differences are used to
compute the corresponding LVLH Cartesian position and velocity
coordinates.

A semimajoraxis, eccentricity,inclinationangle, ascendingnode,
argument of perigee, and mean anomaly difference are prescribed
individually for each test run. The orbit element differences are
swept from zero to a value that correspondsto a relative orbithaving
a maximum radius of approximately 1 km. The results are shown in
Fig. 1.

Note that the semimajor axis causes essentiallyno transformation
errors in the position magnitudes. This result is easily verified an-
alytically. With only the orbit element difference §a being nonzero
for this case, using Egs. (21-23), we find

x| = (R/a)da (48)
The chief orbit radius R, is given by

R, =a.(1 —e.cosE,) (49)

Table 1 Chief orbit elements

Orbit elements Value Units
a 7555 km
e 0.05 —_—
i 48.0 deg
Q 20.0 deg
[0} 10.0 deg
M 120.0 deg




390 SCHAUB AND ALFRIEND

[Ax] or [Ax] /s
0.04 R4
7/
0.03 pad
4
4
0.02 e
e
//
0.01 -
’/
- da

0.2 0.4 0.6 0.8 1
a) Semimajor axis difference da, km

. 035}HAx] or |Ax]
.030
.025
.020
.015
.010
. 005

O 0O O o o O O

le-5 2e-5 3e-5 4e-5 5e-5 6e-5
b) Eccentricity difference de

0.1¢ lAxlor A4 /s
0.08
0.06
0.04

0.02

0.002 0.004 0.006 0.008 0.01
¢) Inclination angle difference Ji, deg

0. 10} JAx] or |AH
0.08

0.06
0.04

0.02

0.002 0.004 0.006 0.008 0.01
) Ascending node difference 6Q, deg

=7

- 121JAx or A4
.10

.08
.06
.04

o o O o o o

.02

0.002 0.004 0.006 0.008 0.01
e) Argument of perigee difference dw, deg

oWl or |As]

=== =0M
0.002 0.004 0.006 0.008 0.01
f) Mean anomaly difference M, deg

Fig. 1 Linear transformation matrix A(e) rms errors mapping orbit element differences to LVLH Cartesian position (——, in meter) and velocity

(- - -, in millimeter per second) coordinates.

with E. being the chief eccentricanomaly. The deputy radius vector
is expressed as

R, = (a. +8a)(1 —e.cosE.) = R. + (R/a)da (50)

because only the semimajor axis is different between chief and
deputy satellites for this special case. Here the x coordinateis simply
the difference in orbit radii. Thus, the true position vector magni-
tude is the same as the one predicted by the linear transformationin
Eq. (48).

The remaining rms position or velocity errors grow only up to
0.1 m or mm/s, respectively. Considering that for the largest orbit
element differences considered here the relative orbit has a radius
of about 1 km with relative velocity magnitudesin the meters range,
these transformationerrors are very small at typicallyless than 0.1%.

Note that the transformationerrors shown are not meant to provide
a global bound on the mapping errors. These errors would depend
on the chief orbit itself and on the particular orbit latitude angle at
which they were evaluated. However, for the given chief orbit with a
desired inclination angle difference of the order of 0.01 deg, Fig. 1c
shows thatany controllaw thatutilizesthe linearmappingin Eq. (46)
could only expect a final position tracking error of about 0.1 m
under the best of circumstances. Using the A(e) mapping instead
of the precise nonlinear mapping will result is a small performance
loss.

Continuous Feedback Law

Various feedback laws have been proposed for the spacecraft
formation flying control task. In Ref. 11, continuous feedback laws
are presented in terms of mean orbit element tracking errors and
mean inertial Cartesian coordinates tracking errors. Reference 12
presentsan impulsive feedback law in terms of mean orbitelements.

References 13 and 14 present continuous feedback laws in terms of
Cartesian coordinates, and in Ref. 15 a feedback law in terms of
orbit elements is discussed.

The use of Eq. (46) is investigated here to create a hybrid contin-
uous feedback control law in terms of Cartesian LVLH frame co-
ordinates and describe the desired relative orbit geometry through
a desired set of orbit element differences de*. Any desired states
are denoted in this paper with a superscriptasterisk. The advantage
of this type of hybrid control law is that the actual relative orbit
is expressed in terms of coordinates in which it would actually be
measured, that s, the chief frame local LVLH coordinates, whereas
the desired relative orbit is conveniently expressed as a set of orbit
element differences.

Letx = (x, y, z)T be the deputy positionvectorandv = (¥, y, 2)7
be the deputy velocity vector expressed in the chief LVLH frame.
The general linearized relative equations of motion for a Keplerian
system are expressed as'®

i=v (51)
[Z(M/R3)+é2 § 0 —|
y = -6 62 — u/R3 0 |x
|_ 0 0 —M/R3J
Aj
0 20 0 u,
+1-20 0o ofv+|u, (52)
0 0 0 u,
N — ~——
A2 u
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These relative equations of motion are valid for both circular and
elliptic chief orbits. The latitude accelerationis computed through

6 = —2(u/R*)(qi sin@ — g» cos ) (53)

Let us define the relative orbit tracking errors as
Ax =x —x* (54)
Ay =v—v* (55)

with the desired position and velocity vectors computed using
x*
X = (v*) = A(e)de* (56)

Note that if the desired orbit element differences call for a fixed

mean anomaly difference, as is donein Refs. 1, 11, and 12, then the

vector de* is not constant, but rather 6 must be computed at each

instantby solving Kepler’s equation. Further, note that Ax = Av.
Let us define the control law u as

u=v"—Ax—Ay—KAx — PAvy 57)

with K and P being positive definite matrices. To prove that u is
asymptotically stabilizing, a positive definite Lyapunov function V
is defined as

V(Ax, Ay) = $AvT Av + 1 AXT K Ax (58)

When Egs. (52) and (55) are substituted, the derivative of V along
the state trajectory must be negative seminegative

V =Av (Av+ KAx) = —AvT PAy (59)

which guarantees that u is globally stabilizing. To prove that the
control law is also asymptotically stabilizing, the higher-ordertime
derivativesof V are investigated. The second derivativeof V is zero
when evaluated on the set where V =0. The third derivative

V(Av =0) = —2Ax" K PK Ax (60)

is negative definite in the state vector Ax. Because this first nonzero
derivativeafter V is an odd derivative,the controlu is asymptotically
stabilizing.!”

Note that v* — A x* — A,v* is zero if the desired relative motion
is a natural, that is, control free, solution to the linearized equations
of motion shown in Eq. (52). When it is assumed that our chosen v*
abides by

Ve = A x* 4+ Ay* (61)

the control law u is written as
x
u=—-[A +K A,+ P]|: (v) - A(e)8e*i| (62)

Note, however, that the desired relative motion may not necessarily
be a natural solution. The control law in Eq. (57) is also valid for
forced relative orbits. However, only if the relative orbit is a natural
solution will the control vector u go to zero because the desired rel-
ative orbit is asymptotically approached. When this form of control
law in Eq. (62) is studied, the hybrid nature of u is evident in that
the desired relative orbit is prescribed through a set of orbit element
differences, whereas the actual motion is expressed in terms of the
chief LVLH frame Cartesian components. The advantage here is
that we are able to express the actual and desired relative motion in
coordinates that best suit their task.

Because the A, matrix is skew symmetric, it could be dropped
from the control expression in Eq. (62). The Lyapunov-based sta-
bility proof remains the same and asymptotic stability is still
guaranteed. However, when computing V the term AvT A,Av is
dropped because it is always zero. The modified control expression
is then

u=—[A +K P]|: ():) - A(e)r?e*} (63)

This control would no longer feedback linearize the closed-loop
dynamics, but it still guarantees asymptotic stability.

Note that, whereas the control expressionin Eq. (62) takes advan-
tage of the linear mapping A(e) between orbit element differences
and their corresponding LVLH Cartesian coordinates, the control
expression in Eq. (57) does not rely on this mapping. In fact, the
relative orbit tracking errors Ax and Av could be computed using
the complete nonlinear mapping between orbit elements and local
Cartesian coordinates. Furthermore, it is possible to incorporate the
J, effect here by using Brouwer’s theory to compute the relative
orbit errors in mean element space and then map the error vector
back to osculating space for control purposes. The following numer-
ical simulations will demonstrate the performance and limitations
of either control law.

Numerical Simulations

The performance of the two continuous feedback control laws
in Egs. (57) and (62) is illustrated through the following numerical
simulations. Case 1 uses the simplified control in Eq. (62), which
computes the tracking errors in osculating orbit space and takes ad-
vantage of the linear mapping between orbit element differences
and their corresponding LVLH Cartesian coordinates. Case 2 uses
the more general control expression in Eq. (57). Instead of using
the linear mapping, the relative orbit errors are computed using the
complete nonlinear mapping between orbit elements and Cartesian
coordinates. The development of the control law in Eq. (57) makes
no assumption on whether the orbit elements and Cartesian coor-
dinates are osculating or mean quantities. Therefore, case 2 uses
Brouwer’s first-order artificial satellite theory'® to compute any or-
bit errors in mean element space. The control in case 2 will, thus,
ignore the J,-induced short-period oscillations and should provide
a higher performing control algorithm than case 1.

The chief satellite orbit has the mean orbit elements shown in
Table 1. A J;-invariantrelative orbit is designed using the two con-
straints developed in Refs. 1 and 4. When an inclination angle dif-
ference of 0.006 deg, is prescribed, the necessary da and de are
shown in Table 2. The remaining three orbit element differences
are set to zero. Initially, the deputy orbit has a relative orbit error
of §a=—0.1 km, i =0.05 deg, and §Q2=—0.01 deg. The posi-
tion and velocity feedback matrices K and P are replaced with the
diagonal matrices with the entries

K;; =0.000032572, P; =0.03s"!

The numerical simulation solves the nonlinear equations of mo-
tion of each satellite including the J,-Js zonal harmonics. The re-
sults are shown in Fig. 2. The initial relative orbit tracking error
is over 1 km. Figure 2a shows the relative orbit dictated by the
desired relative orbit element differences shown in Table 2. This
shows the tracking error being essentially canceled after 0.5 orbits.
Control cases 1 (solid line) and 2 (dashed line) do not distinguish
themselves at this scale, and their performance difference cannotbe
observed here. Figure 2b shows the magnitude of the relative orbit
tracking error on a logarithmic scale. For the first half-orbit, both
control cases perform in a nearly identical manner. This portion of
the control maneuver is dominated by the feedback portion of the
tracking errors. The tracking error for case 1 stabilizes about a mean
value in the tens of meters range. The Av demanded for this two-
orbit maneuveris 9.98382 m/s. The tracking error for case 2 decays
to a much smaller value of less than 1 m with a commanded Av of
8.42372m/s. Toisolate the cause for this performanceimprovement,

Table2 Deputy orbit element differences

Orbit element

difference Value Units
Sa —1.92995 m
Se 0.000576727 —_—
8i 0.00600 deg
82 0.0 deg
Sw 0.0 deg
SM 0.0 deg
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a) Relative orbit shown in chief LVLH frame
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Fig.2 Simulation results including the J,-/5 zonal harmonics.

another case 3 was run, where the nonlinear transformation is used
to map orbit element differences into corresponding LVLH Carte-
sian coordinates, but the tracking errors are computed in osculating
element space, not in mean element space as is done in case 2.
The tracking error difference between case 1 and this new case 3
is shown in Fig. 2d. Using the nonlinear mapping does result in a
slightly better tracking performanceinitially. However, both cases 1
and 3 stabilize on the same relative orbit tracking error. This indi-
cates that the reduction in final tracking error in case 2 is due to
computing the relative orbit tracking error in mean element space.
Using the linear mapping A(e) instead of the nonlinear mapping
thus causes only a relatively minor transient tracking performance
loss. To improve the steady-state tracking error, it is necessary to
operate in mean element space.

To see the performance of the controls in Egs. (57) and (62)
without the J, gravitational perturbation, another set of numerical
simulations was performed. No zonal harmonics are included in
these simulations. The desired relative orbit is determined through
the orbit element differences shown in Table 2, with the exception
of a =0 km. This is necessary for the relative orbit not to have
a secular drift. A nonzero §a would cause the Keplerian orbits to
have different orbit periods. The resulting relative orbit shape is
essentially the same as the one shown in Fig. 2a. Note that the only
difference between cases 1 and 2 test runs is that case 2 uses the
nonlinear mapping between LVLH Cartesian coordinates and orbit
element differences. The osculating and mean elements are equal
when there are no perturbations. These simulations illustrate the
performance penalty of using the A(e) matrix under the most ideal
circumstances.

Figure 3 shows the simulation results for this Keplerian motion
case. Note that the relative orbit tracking errors are reduced to a
lower level in case 1 than they were with J, gravitational pertur-
bations included. The steady-state tracking errors hover around the
1-m point. The change in velocity Av requirement for the maneu-
ver in case 1 is Av=2_8.46227 m/s. If the nonlinear mapping is
employed, then the tracking errors asymptotically decay to zero as
predicted in the control analysis. The Av requirement for case 2 is
Av =8.38649 m/s.

The linear mapping A(e) provides a convenient method to map
between the orbit element differences (which describe the relative
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Fig.3 Simulation results of case 1 (——) and case 2 (- - -) using Kep-
lerian dynamics.

orbit) and the LVLH Cartesian coordinates (which are likely to be
the measured quantities). The error introduced through this simpli-
fication causes only a small loss in performance of typical control
laws.

Conclusions

When describingand controllingnatural periodicrelative orbits, it
is convenientto describe the desired relative orbit geometry in terms
of orbit element differences. However, the actual relative orbit of a
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deputy satellite relative to a chief satellite will likely be measured
in terms of Cartesian coordinatesin the rotating chief LVLH frame.
A directlinear mapping between the local Cartesian coordinatesand
the corresponding orbit element differences is outlined here. This
mapping is used in the constructionof a hybrid continuous feedback
control law. The term hybrid is used because the desired orbit is
explicitly expressed in terms of orbit element differences and the
actual orbit measurementsare providedin terms of LVLH Cartesian
coordinates. Numerical simulations illustrate that the performance
lossdue tousingthe linearmappingis minimal. A more general form
of the feedback control law also allows the relative orbit errors to be
computed using the full nonlinearitiesof the relative orbit dynamics.
In particular, the nonlinear mapping between Cartesian coordinates
and orbit element differences, as well as the transformation from
osculating to mean orbit element space, can be incorporated. The
latter shows a substantionallyimproved performanceif gravitational
perturbations are also considered in the numerical simulation.

Appendix: Inversed A(e)~!

The inverse of the matrix A(e) is presented.!” To simplify the
expressions, the following notation is introduced:
K =a(l/p—1), i, = av’(1/p)

The nonzero matrix elements are given by

Al’ll =202 + 3k + 2«5) (Ala)
A =2da%vp/V, (Alb)

Al’; = —2av(l + 2k, + k) (Alc)
Al = Qa/V)(1+ 2k + k) (Ald)
Ayl =1/R (Ale)

A3l = (coti/R)(cos6 + vsin0) (A1f)
A’Gl = —sinf coti/V, (Alg)

Ayl = (sinf —vcos6)/R (Alh)
Ayl =cos0/V, (Ali)

Al = (p/R)(3cosO + 2vsind) (A1)
A, = psing/V, (A1k)

Ay =—(1/R)(pv?sind + g, 5in26 — g, cos260) (A1)

Ay = (p/V)(2cosO + vsinh) (Alm)
A}l = —(g;coti/R)(cos + vsind) (Aln)
A, =gacotising/V, (Alo)

A5l = (p/R)(3sind — 2vcos0) (Alp)
Ay = —pcosb/V, (Alqg)

Agl = (l/R)(,ov2 cos@ + g, sin20 + ¢, cos20) (Alr)

Ayl = (p/V))(2sin0 — v cosh) (Als)

A3l = (g coti/R)(cos® + vsind) (Alt)

A;GI = —q, cotisinf/V, (Alu)

Azl = —(cos6 + vsing)/Rsini (Alv)

Ayl =sin@/V,sini (Alw)
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